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Inverse mean curvature flow in complex hyperbolic
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Abstract: We consider the evolution by inverse mean curvature flow of a closed, mean convex
and star-shaped hypersurface in the complex hyperbolic space. We prove that the flow is defined
for any positive time, the evolving hypersurface stays star-shaped and mean convex. Moreover
the induced metric converges, after rescaling, to a conformal multiple of the standard sub-
Riemannian metric on the sphere. Finally we show that there exists a family of examples such
that the Webster curvature of this sub-Riemannian limit is not constant.
Keywords: Inverse mean curvature flow, complex hyperbolic space, sub-Riemannian ge-
ometry.
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1 Introduction
During last years geometric flows of submanifolds of Riemannian manifolds have been
studied intensively. In the class of expanding flows, the leading example is the inverse
mean curvature flow. In this paper we consider the evolution by inverse mean curvature
flow of real hypersurfaces of the complex hyperbolic space CHn, with n ≥ 2. For any given
smooth hypersurface F0 :M→ CHn , the solution of the inverse mean curvature flow with
initial datum F0 is a one-parameter family of smooth immersion F :M× [0, T )→ CHn
such that {
∂F
∂t
=
1
H
ν,
F (·, 0) = F0,
(1.1)
where H is the mean curvature of Ft = F (·, t) and ν is the outward unit normal vector of
Mt = Ft(M). It is the main tool used in the celebrated paper of Huisken and Ilmanen
in [HI] for proving the Penrose inequality.
∗This research is supported by the ERC Avanced Grant 320939, Geometry and Topology of Open
Manifolds (GETOM)
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In this paper we restrict to the class of star-shaped hypersurface in CHn. The inverse
mean curvature flow of star-shaped hypersurfaces has been already studied in different
ambient manifolds: for example the Euclidean space [Ge1, Ur], the hyperbolic space
[Ge3, HW], asymptotic hyperbolic spaces [Ne], rotationally symmetric spaces [Di] and
warped products [Sc, Zh]. In any case it was proved that the flow is defined for any
positive time and the evolving hypersurface stays star-shaped for all the life of the flow.
Inverse mean curvature flow of star-shaped hypersurfaces in rank one symmetric spaces
have been considered for different pourposes in [KS] too.
The geometry of the ambient manifold influences the nature of the limit of the induced
metric. In fact Gerhardt [Ge1] and and Urbas [Ur] proved indipendently that, for any
star-shaped hypersurface of the Euclidean space, the limit metric is, up to rescaling,
always the standard round metric on the sphere. In [HW] P.K. Hung and M.T. Wang
showed that, when the ambient manifold is the hyperbolic space, the limit metric is not
always round. More precisely it is a conformal multiple of the standard round metric on
the sphere and so it is round only in special cases. The case studied in the present paper
has some similarities with the previous results, but a new phenomenon appears: even
after rescaling, the evolving metric blows up along a direction. Hence the limit metric is
no more Riemannian, but only sub-Riemannian: it is defined only on a codimension-one
distribution. The main theorem proved is the following.
Theorem 1.1 For any M0 closed, mean convex and S1-invariant star-shaped hypersur-
face in CHn let Mt be its evolution by inverse mean curvature flow, let gt be the induced
metric on Mt and θt the induced contact form. Then:
(1) Mt is S1-invariant, star-shaped and mean convex for any time t;
(2) the flow is defined for any positive time;
(3) there is a smooth S1-invariant function f such that the rescaled induced metric
g˜t = |Mt|−
1
n gt converges to a sub-Riemannian metric g˜∞ = e
2fσsR (i.e. a confor-
mal multiple of the standard sub-Riemannian metric on the sphere S2n−1) and the
rescaled contact form θ˜ = |Mt|−
1
n θt converges to θ˜∞ = e
2f θˆ, where θˆ is the standard
contact form on the odd dimensional sphere;
(4) moreover there are examples of M0 such that the limit does not have constant Web-
ster scalar curvature.
After proving that the flow can be extended for any positive time, we have that the
volume ofMt becomes arbitrary large and thenMt “explores” the structure at infinity of
the ambient manifold as t tends to infinity. Hence the convergence to a sub-Riemannian
metric is not surprising because the boundary at infinity of CHn is (S2n−1, σsR), the one
point compactification of the Heisenberg group of dimension 2n − 1 endowed with its
standard sub-Riemannian metric. Different initial data explore this structure at infinity
in different ways, but our result shows that we remain in the conformal class of σsR.
Obviously for any finite time t, g˜t is a Riemannian metric, but there is a direction
in which the metric is blowing up. This special direction is Jν, where J is the complex
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structure of CHn and ν is the outward unit normal vector field ofMt. Note that, since we
are considering only submanifolds of codimension one, Jν is for sure tangent toMt. One
of the main difficulties in generalizing the previous results is to describe the contribution
of this special direction. Its presence gives also a new phenomenon not present in the
previous literature. The second fundamental form converges to that of an horosphere
with an exponential speed but, unlike for example [Ge1, Sc, Zh], we have that the speed
is not the same for any initial datum: very symmetric hypersurfaces converges twice as
fast as the generic S1-invariant hypersurface (see Remark 6.6 below for more details).
If we try to study the limit of the sectional curvature of this family of metric g˜t, it
always diverge: this is a general behaviour when we try to approximate a sub-Riemannian
metric with a family of Riemannian metrics. For that reason an other notion of curvature
is required. We will use in particular the Webster curvature.
It is very easy to find hypersurfaces of CHn such that g˜∞ has constant Webster cur-
vature. It is the case of the geodesic spheres: as we will see in detail in Section 4, the
evolution of a geodesic sphere is a family of geodesic spheres and the function f is con-
stant. On the other hand, the search for an example with a non-trivial limit is much
more challenging. The main tool for studying the roundness of the limit is the following
Brown-York like quantity: for any star-shaped hypersurface M
Q(M) = |M|−1+ 1n
∫
M
(
H − Hˆ
)
dµ,
where |M| is the volume of M and, if ρ is the radial function defining M, Hˆ is the
value of the mean curvature of a geodesic sphere of radius ρ (see (3.8) for the explicit
definition). Q gives a measure of how M is far to being a geodesic sphere. It is not a
measure in the strict sense because Q has not a sign and, even if it is zero for geodesic
spheres, it is not in general true the opposite. In the final section of this paper we found
the desired non-trivial examples estimating the behaviour of Q along the inverse mean
curvature flow.
This paper is organized as follows. In Section 2 we collect some preliminaries and
we fix some notations. In Section 3 we compute the main geometric quantities for a
star-shaped hypersurface in CHn, like the induced metric, the second fundamental form
and the mean curvature. In Section 4 we have a simple but meaningful example, i.e. the
evolution of the geodesic spheres. In Section 5 we estimate the norm of the gradient of
the radial function. As consequence we have that the property of being star-shaped and
the mean convexity are preserved by the flow. The study of the derivatives of the radial
function continues in Sections 6 and 7. In particular we prove that the solution of the
flow is defined for any positive time. Section 8 is devoted to the prove of the convergence
of the rescaled induced metric to a sub-Riemannian limit. In the last Section we conclude
the proof of Theorem 1.1 studying the Webster curvature of the limit metric and giving
a family of non-trivial examples.
Finally we would like to announce that the ideas developed in the present paper have
been extended in [Pi2] in the case of the next rank one symmetric space, that is the
quaternionic hyperbolic space. An analogous of Theorem 1.1 holds in this other setting
too.
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2 Preliminaries
2.1 Riemannian and sub-Riemannian metrics on the sphere
Every hypersurface considered in this paper is closed and star-shaped and so it is
an embedding of S2n−1, the sphere of dimension 2n − 1, into CHn. On that sphere we
have different “standard” metrics. Let σ be the usual Riemannian metric on S2n−1 with
constant sectional curvature equal to 1. Since the dimension is odd, we can distinguish
an important vector field: we can think the sphere embedded in (Cn, J), then, if ν is the
unit outward normal to S2n−1, ξ = Jν is an unit tangent vector field on the sphere. It is
often called the Hopf vector field, because it can be characterized also as the unit vector
field tangent to the fibers of the Hopf fibration: pi : S2n−1 −→ CPn−1. It allows us to
define the horizontal distribution
H = {X ∈ T (S2n−1) |σ(X, ξ) = 0} (2.1)
The Berger metrics is a family of deformations of σ in the direction of ξ: for any µ > 0
let eµ be the Riemannian metric defined by
eµ(X, Y ) = σ(X, Y ) for any X, Y ∈ H;
eµ(X, ξ) = 0 for any X ∈ H;
eµ(ξ, ξ) = µ.
When µ converges to infinity, the metric eµ degenerates on the directions tangent to ξ.
At the limit we get σsR the standard sub-Riemannian metric, it is defined only on H,
but, since H + [H,H] is the whole tangent space, σsR is enough to define a distance on
S2n−1, called the Carnot-Caratheodory distance. The following comparison between the
Levi-Civita connection of eµ and that of σ = e1 will be used below.
Lemma 2.1 Fix a σ-orthonormal basis (Y1, · · · , Y2n−1) of S2n−1 such that Y1 = ξ and for
every r Y2r+1 = JY2r. Let us denote with ∇e (∇σ respectively) the Levi-Civita connection
associated to the metric eµ (σ respectively). Then for every 1 ≤ i, j ≤ 2n− 1 we have:
∇e YiYj −∇σ YiYj =

(1− µ)JYj if i = 1 6= j;
(1− µ)JYi if j = 1 6= i;
0 otherwise.
Proof. Obviously ∇e Y1Y1 = ∇σ Y1Y1 = 0 since the Hopf vector field is tangent to the
fibers of the Hopf fibration, and they are geodesic for every µ. The metric eµ can be seen
as the metric on the total space of the canonical variation of parameter µ of the Hopf
fibration. By Lemma 3 of [O] and Lemma 9.69 in [Be] we have:
∇e YiYj = ∇σ YiYj if i, j 6= 1;
∇e YiY1 = µ∇σ YiY1 = −µJYi if i 6= 1,
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where the last equality comes from an explicit computation. Finally, if i 6= 1, we get:
∇e Y1Yi = ∇e YiY1 + [Y1, Yi] = (1− µ)JYi +∇σ Y1Yi.

Notation 2.2 We introduce the following notation in order to distinguish between deriva-
tives of a function with respect to different metrics. For any given function f : S2n−1 → R,
let fij (fˆij respectively) be the components of the Hessian of f with respect to σ (eµ respec-
tively). The value of µ will be clear from the context. The indices go up and down with
the associated metric: for instance fˆki = fˆije
jk
µ , while f
k
i = fijσ
jk. Analogous notations
will be used for higher order derivatives.
On the sphere of odd dimension S1 acts in the following way:
S : S1 × S2n−1 ⊂ C× Cn → S2n−1 ⊂ Cn
(eiϑ, z1, · · · , zn) 7→ (eiϑz1, · · · , eiϑzn). (2.2)
The action is by isometries for any Berger metric. A function ϕ : S2n−1 → R is said
S1-invariant if it is invariant under the action of S.
Lemma 2.3 Let ϕ be an S1-invariant smooth function. With respect to the basis intro-
duced in the previous Lemma, the Hessian of ϕ with respect to eµ is:
ϕˆij =
(
0 µJYj(ϕ)
µJYi(ϕ) ϕij
)
,
where we are using Notations 2.2 and J is the complex structure of Cn (once again we
are considering S2n−1 embedded in Cn). Taking the trace and the norm of the Hessian, in
particular we have:
∆eϕ = ∆σϕ;
|∇2eϕ|2e = |∇2σϕ|2σ + 2(µ− 1)|∇σϕ|2σ.
Proof. Since ϕ is S1-invariant we have that ϕ1 = Y1(ϕ) = 0. From the previous Lemma
we get:
ϕˆ11 = Y1Y1(ϕ)−∇e Y1Y1(ϕ) = 0.
For every i 6= 1 we can compute:
ϕˆ1i = YiY1(ϕ)−∇e YiY1(ϕ) = µJYi(ϕ);
ϕˆi1 = Y1Yi(ϕ)−∇e Y1Yi(ϕ)
= [Yi, Y1] (ϕ) + YiY1(ϕ)−∇e Y1Yi(ϕ)
= ϕˆ1i.
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Moreover, if both index are different from 1, we have:
ϕˆij = YjYi(ϕ)−∇e YjYi(ϕ)
= YjYi(ϕ)−∇σ YjYi(ϕ) = ϕij .
We point out that, as a consequence of the symmetries considered,
|∇eϕ|2e = |∇σϕ|2σ
Taking into account this remark, the formulas for the Laplacian and the norm of the
Hessian follow after some trivial computations. 
2.2 Webster curvature
The Webster curvature is a notion of CR geometry. In this section we consider only
the case of the sphere, what follows can be said with much more generality. We refer to
the monograph [DT] for all the details. Fix the standard CR structure on S2n−1, then H,
defined in (2.1), is the horizontal distribution of this structure. On H we have a complex
structure J . Let pi : T (S2n−1) → H be the canonical projection. For any 1-form θ such
that ker θ = H, there exists a vector field ξθ such that θ(ξθ) = 1 and dθ(ξθ, ·) = 0. We can
extend J to the whole tangent space of S2n−1 requiring that Jξθ = 0. For every X, Y ∈ H
we can define Gθ(X, Y ) = dθ(X, JY ). The metric gθ = piGθ + θ
2 is called Webster metric
associated to θ.
Theorem / Definition 2.4 Let θ, J , ξθ and gθ be as before. There exists an unique
linear connection ∇TW such that ∇TWJ = ∇TWθ = ∇TW ξθ = ∇TWgθ = 0 and with
torsion T of pure type, i.e. for every X, Y ∈ H the torsion satisfies:
T (X, Y ) = dθ(X, Y )ξθ;
T (X, ξθ) ∈ H
gθ(T (X, ξθ), Y ) = gθ(T (Y, ξθ), X) = −g(T (JX, ξθ), JY ).
This connection ∇TW is called the Tanaka-Webster connection associated to θ.
The Webster curvature of θ is the curvature defined in the usual way, but using the
Tanaka-Webster connection instead of the Levi-Civita connection.
On S2n−1 we have a standard contact form: θˆ(·) = σ(ξ, ·). Whit respect to this form
we have: ξθˆ = ξ, Gθˆ = σsR and gθˆ = σ. Obviously the Webster curvature of θˆ is constant.
A metric of the form e2fσsR can be thought as the restriction to H ×H of the Webster
metric associated to the 1-form e2f θˆ. Then we will talk indifferently about the Webster
curvature of a sub-Riemannian metric or of a contact form.
Once we defined the appropriate notion of curvature in CR geometry, a natural ques-
tion is the Yamabe problem for CR manifolds. This problem was solved in a great
generality, but in our special case it can be reformulated as follows: what are the func-
tions f such that the conformal multiple e2fσsR has constant Webster scalar curvature?
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The answer is given by the following formula by Jerison and Lee [JL]: the Webster scalar
curvature of e2fσsR is constant if and only if there are u > 0, c > 0 and ζ ∈ S2n−1 such
e−2f(z) = c
∣∣cosh(u) + sinh(u)z · ζ¯∣∣2 , ∀z ∈ S2n−1. (2.3)
Here we are considering the odd-dimensional sphere immersed in Cn and the norm and
the product are the usual ones in Cn.
Since in this paper we are considering S1-invariant hypersurface, we show that, in
presence of this kind of symmetry, the Jerison and Lee’s formula becomes much simpler.
Lemma 2.5 Let f : S2n−1 → R be an S1-invariant function. The following are equivalent:
(a) f satisfies (2.3),
(b) f is constant.
Proof. If f is constant, (a) holds trivially. In order to prove the opposite implication, let
u > 0 and ζ = (aj − ibj)j=1,...,n ∈ S2n−1 ⊂ Cn be as in equation (2.3). By hypothesis we
have that for any z ∈ S2n−1 and for any ϑ = x+ iy ∈ S1 ⊂ C we have∣∣cosh(u) + sinh(u)(eiϑz) · ζ¯∣∣2 = ∣∣cosh(u) + sinh(u)z · ζ¯∣∣2 (2.4)
Fix z1 = (1, 0, . . . , 0), then e
iϑz · ζ¯ = xa1 − yb1 + i(xb1 + ya1), while z · ζ¯ = a1 + ib1.
Specifying (2.4) for z1 we have, after some trivial computations, that
sinh(u) cosh(u)a1 = sinh(u) cosh(u)(xa1 − yb1), ∀x, y such that x2 + y2 = 1
then sinh(u) = 0 or a1 = b1 = 0. For any k = 2, . . . , n we can repeat the same computa-
tions for zk = (δkj)j=1,...,n and we get that sinh(u) = 0 or ak = bk = 0. Since ζ 6= 0 the
only possibility is that sinh(u) = 0 and then we have the thesis. 
2.3 Complex hyperbolic space
The complex hyperbolic space is the complex analogous of the real hyperbolic space. It
can be defined in many equivalent ways, but, for our purpose, it is convenient to introduce
polar coordinates. Let CHn be R2n equipped with the Bergman metric g¯:
g¯ = dρ2 + sinh2(ρ)ecosh2(ρ), (2.5)
where ρ represents the distance from the origin and ecosh2(ρ) is the Berger metric of pa-
rameter cosh2(ρ) on S2n−1. Note that, since the Berger metric changes with the radius, g¯
is not given by a warped product. The Riemann curvature tensor of this metric has the
following explicit expression
R¯(X, Y, Z,W ) = −g¯(X,Z)g¯(Y,W ) + g¯(X,W )g¯(Y, Z)
−g¯(X, JZ)g¯(Y, JW ) + g¯(X, JW )g¯(Y, JZ)
−2g¯(X, JY )g¯(Z, JW ),
(2.6)
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where J is the complex structure of CHn. In our model it coincides with the usual
complex structure of R2n. It follows that the sectional curvature of a plane spanned by
two orthonormal vectors X and Y is given by
K¯(X ∧ Y ) = −1− 3g¯(X, JY )2. (2.7)
Then −4 ≤ K¯ ≤ −1 and it is equal to −1 (respectively to −4) if and only if X and JY
are orthogonal (respectively parallel). This property makes the complex hyperbolic space
a complex space form. Moreover it is Einstein with R¯ic = −2(n + 1)g¯ and symmetric of
rank one, then ∇¯R¯ = 0.
Here and in the following we are using the convention to put a bar over the symbol for
geometric quantity of the fixed ambient manifold CHn, for example ∇¯ is the Levi-Civita
connection of g¯.
2.4 Inverse mean curvature flow
In (1.1) we defined the inverse mean curvature flow. Since we are considering only
closed and mean convex initial data, it is well know that the flow (1.1) has a unique smooth
solution, at least for small times. The main geometric quantities for an hypersurface are:
the induced metric gij , its inverse g
ij, the second fundamental form hij , the mean curvature
H = hijg
ji and the volume |Mt|. They evolve in the following way along the inverse mean
curvature flow.
Lemma 2.6 Since the ambient space is symmetric the following evolution equations hold:
(1)
∂gij
∂t
=
2
H
hij,
(2)
∂gij
∂t
= − 2
H
hij,
(3)
∂H
∂t
=
∆H
H2
− 2 |∇H|
2
H3
− |A|
2
H
− R¯ic(ν, ν)
H
,
(4)
∂hij
∂t
=
∆hij
H2
− 2
H3
∇iH∇jH + |A|
2
H2
hij − 2
H
R¯i0j0 + R¯ic(ν, ν)
hij
H2
+
1
H2
glrgms
(
2R¯risjhlm − R¯rmishjl − R¯rmjshil
)
,
(5)
∂h
j
i
∂t
=
∆hji
H2
− 2
H3
∇iH∇kHgkj + |A|
2
H2
h
j
i −
2
H
R¯i0k0g
kj − 2h
k
i h
j
k
H
+ R¯ic(ν, ν)
h
j
i
H2
+
1
H2
glrgmsgkj
(
2R¯riskhlm − R¯rmishkl − R¯rmkshil
)
,
(6)
d |Mt|
dt
= |Mt|,
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(7)
∂ν
∂t
=
∇H
H2
.
Here and in the following we are using Einstein convention on repeted indices. More-
over the operation of raising/lowering the indices is done with respect to the induced
metric: for example hji = hikg
kj. The proof of this Lemma is similar to the computa-
tion of the analogous equations for the mean curvature flow which can be found in [Hu].
Note that, integrating equation (6), we have that the inverse mean curvature flow is en
expanding flow, precisely |Mt| = |M0| et.
3 Geometry of star-shaped hypersurfaces
All the hypersufaces considered in this paper are star-shaped and S1-invariant. In this
section we compute the main geometric quantities for a generic star-shaped hypersurface
in CHn and then we will specify them in case of symmetries. Let F : S2n−1 → CHn
be a smooth star-shaped immersion. Up to an isometry of the ambient space, we can
consider that it is star-shaped with respect to the origin. Then F is defined by its radial
function: there exist a smooth function ρ : S2n−1 → R+ such that in polar coordinates
M = F (S2n−1) = {(z, ρ(z)) ∈ CHn |z ∈ S2n−1}. The hypersurface is said S1-invariant if
the associated radial function ρ is S1-invariant. With the same proof of Lemma 3.1 of
[Pi1] we can prove the following result.
Lemma 3.1 The evolution of an S1-invariant hypersurface stays S1-invariant during the
whole duration of the flow.
Fix any (Y1, . . . , Y2n−1) tangent basis of the sphere S
2n−1, for every i we define ρi =
Yi(ρ) and Vi = F∗Yi ≡ Yi + ρi ∂∂ρ . Then (V1, . . . , V2n−1) is a tangent basis of M. The
induced metric on M is g = F ∗g¯, in local coordinates we have
gij = ρiρj + sinh
2(ρ)eij , (3.1)
where for short eij = (ecosh2(ρ))ij. The inverse of the metric therefore is
gij =
1
sinh2(ρ)
(
eij − ρ
iρj
sinh2(ρ) + |∇eρ|2e
)
, (3.2)
where eij is the inverse of eij, ρ
i = ρke
ki and the gradient and the norm of ρ are defined
with respect to the metric ecosh2(ρ). In order to simplify the expressions we can fix a
function ϕ = ϕ(ρ) such that dϕ
dρ
= 1
sinh(ρ)
and introduce v =
√
1 + |∇eρ|
2
e
sinh2(ρ)
. Since ϕi =
Yi(ϕ) =
ρi
sinh(ρ)
, we get
gij = sinh
2(ρ)(ϕiϕj + eij),
gij =
1
sinh2(ρ)
(
eij − ϕ
iϕj
v2
)
,
v =
√
1 + |∇eϕ|2e.
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A unit normal vector is
ν =
1
v
(
∂
∂ρ
− ∇ρ
sinh2(ρ)
)
=
1
v
(
∂
∂ρ
− ∇ϕ
sinh(ρ)
)
.
Since the metric of the ambient space is not the same in any direction, it is convenient to
use the specific basis tangent to S2n−1 defined in Lemma 2.1. In this way we have
ecosh2(ρ) =
(
cosh2(ρ) 0
0 id2n−2
)
, (3.3)
where id2n−2 is the identity matrix of order 2n − 2. The contact form is θ(·) = g¯(Jν, ·).
For an S1-invariant star-shaped hypersurface in coordinates we have:
Jν =
1
v sinh(ρ)
(
Y1
cosh(ρ)
−
∑
k 6=1
ϕkJYk
)
,
then
θi =
1
v sinh(ρ)
(
g1i
cosh(ρ)
−
∑
k 6=1
ϕkg¯(JYk, Vi)
)
=
sinh(ρ)
v
(
cosh(ρ)θˆi −
∑
k 6=1
ϕkδik∗
)
, (3.4)
where
δik∗ =
{
δi,k+1 if k = 2r,
−δi,k−1 if k = 2r + 1.
Now we want to compute the second fundamental form of M. For each i and j let
hij = −g¯
(∇¯ViVj , ν). Moreover we introduce the following notation: Latin indices i, j, ...
range from 1 to 2n− 1 and are related to components tangent to the sphere, the index 0
represents the radial direction ∂
∂ρ
and Greek indices α, β, ... range from 0 to 2n − 1. An
explicit computation, together to the fact that for every i ∂
∂ρ
(ρi) = 0 and g¯(∇¯Yi ∂∂ρ , ∂∂ρ) = 0
we get:
hij =
1
v
(
Γ¯kijρk + ρiρkΓ¯
k
0j + ρjρkΓ¯
k
0i − Γ¯0ij − Yi(ρj)
)
.
We have that Γ¯kij = Γˆ
k
ij , the Christoffel symbols of the metric ecosh2(ρ), then
Yi(ρj)− Γ¯kijρk = ρˆij,
where the “hat” is in the sense of Notation 2.2. For short, let Y0 be
∂
∂ρ
, then
Γ¯0ij =
1
2
(Yi(g¯iα)− Yα(g¯ij) + Yj(g¯iα)) g¯α0
= −1
2
∂
∂ρ
(g¯ij) = −γiδij =
{ − sinh(ρ) cosh(ρ)(sinh2(ρ) + cosh2(ρ))δij if i = 1,
− sinh(ρ) cosh(ρ)δij if i 6= 1.
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Finally
Γ¯ki0 =
1
2
(
Yi (g¯0α)− Yα (g¯i0) + ∂
∂ρ
(g¯iα)
)
g¯αk
=
1
2
∂
∂ρ
(g¯iα) g¯
αk = ηiδik =

sinh2(ρ) + cosh2(ρ)
sinh(ρ) cosh(ρ)
δik if i = 1,
cosh(ρ)
sinh(ρ)
δik if i 6= 1.
Note that
ϕˆij =
1
sinh(ρ)
ρˆij − cosh(ρ)
sinh2(ρ)
ρiρj ⇔ ρˆij = sinh(ρ)ϕˆij + sinh(ρ) cosh(ρ)ϕiϕj .
Analogous formulas hold for ρij and ϕij too. Summing up these quantities we get
hij =
1
v
(−ρˆij + (ηi + ηj) ρiρj + γiδij)
=
sinh(ρ)
v
(
−ϕˆij + (sinh(ρ)ηi + sinh(ρ)ηj − cosh(ρ))ϕiϕj + γi
sinh(ρ)
δij
)
(3.5)
Raising the second index we have
hki = −
ϕˆij e˜
jk
v sinh(ρ)
+
cosh(ρ)
v sinh(ρ)
δki +

sinh(ρ)
v cosh(ρ)
δk1 +
sinh(ρ)
v cosh(ρ)
(ϕ1)
2e˜1k if i = 1;
sinh(ρ)
v cosh(ρ)
e˜i1e˜
1k if i 6= 1,
(3.6)
where e˜ij = sinh2(ρ)gij = eij − ϕiϕj
v2
. Taking the trace of (3.6) we obtain the mean
curvature of M:
H = hii = −
ϕˆij e˜
ji
v sinh(ρ)
+
sinh(ρ)
v cosh(ρ)
+ (2n− 1) cosh(ρ)
v sinh(ρ)
+
sinh(ρ)
v cosh(ρ)
(ϕ1)
2e˜11 +
sinh(ρ)
v cosh(ρ)
∑
i 6=1
e˜i1e˜
i1
= − ϕˆij e˜
ji
v sinh(ρ)
+
sinh(ρ)
v cosh(ρ)
+ (2n− 1) cosh(ρ)
v sinh(ρ)
+
sinh(ρ)
v cosh(ρ)
e˜i1e˜
i1 − sinh(ρ) cosh(ρ) e˜
11
v
= − ϕˆij e˜
ji
v sinh(ρ)
+ 2
sinh(ρ)
v cosh(ρ)
+ (2n− 1) cosh(ρ)
v sinh(ρ)
− sinh(ρ)
v cosh(ρ)
(
1− (ϕ1)
2
v2
)
= − ϕˆij e˜
ji
v sinh(ρ)
+
Hˆ
v
+
sinh(ρ)
v3 cosh(ρ)
(ϕ1)
2, (3.7)
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where
Hˆ = Hˆ(ρ) = (2n− 1)cosh(ρ)
sinh(ρ)
+
sinh(ρ)
cosh(ρ)
=
2n cosh2(ρ)− 1
sinh(ρ) cosh(ρ)
. (3.8)
If the hypersurface is S1-invariant, these expressions can be simplified because, in this
case, ρ1 = ϕ1 = 0. Hence we have:
hki = −
ϕˆij e˜
jk
v sinh(ρ)
+
cosh(ρ)
v sinh(ρ)
δki +
sinh(ρ)
v cosh(ρ)
δ1i δ
k
1 (3.9)
H = − ϕˆij e˜
ji
v sinh(ρ)
+
Hˆ
v
. (3.10)
The last equation can be also written in a second useful way : let σ˜ij = σij − ϕiϕj
v2
, then,
by Lemma 2.3 we have that
ϕˆij e˜
ij = ϕij σ˜
ij,
hence
H = − ϕijσ˜
ji
v sinh(ρ)
+
Hˆ
v
. (3.11)
4 The case of geodesic spheres
In this section we specify what we found in the previous one in the case of the geodesic
spheres and compute their evolution under inverse mean curvature flow. Let M0 be a
geodesic sphere, i.e. a star-shaped hypersurface with constant radial function ρ = ρ0 (of
course this function is S1-invariant). From (3.9) we can see that M0 has two distinct
principal curvatures: λ(ρ) = coth(ρ) with multiplicity 2n − 2 and µ(ρ) = tanh(ρ) +
coth(ρ) = 2 coth(2ρ) with multiplicity 1 and eigenvector ξ. It follows that H = Hˆ . In
particular the mean curvature depends only on the radius and then the evolution of M0
by inverse mean curvature flow reduces to an ODE: the evolution on M0 is a family of
geodesic spheres Mt of radius ρ(t) satisfying{
ρ˙ = 1
H
= sinh(ρ) cosh(ρ)
2n cosh2(ρ)−1
,
ρ(0) = ρ0.
Trying to solve this ODE we arrive at an implicit value for ρ(t):
cosh(ρ(t)) sinh2n−1(ρ(t)) = cosh(ρ0) sinh
2n−1(ρ0)e
t.
Therefore the solution is defined for any positive time and ρ(t) = t
2n
+ o(1) as t → ∞.
Moreover |Mt| = |M0| et . Then we get that the rescaled induce metric and the rescaled
contact form are:
g˜t = |Mt|−
1
n g =
sinh2(ρ(t))
|M0|
1
n e
t
n
ecosh2(ρ(t)),
θ˜ = |Mt|−
1
n θ =
sinh(ρ(t)) cosh(ρ(t))
|M0| e 1n
θˆ.
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Obviously sinh
2(ρ(t))
e
t
n
→ 1
4
, sinh(ρ(t)) cosh(ρ(t))
e
1
n
→ 1
4
and cosh2(ρ(t)) → ∞ as t → ∞. Hence
the contact form converges to a constant multiple of the standard contact form on S2n−1,
then, in particular, the Webster curvature of the limit is constant. Moreover we can see
the main new phenomenon of this paper: the rescaled metric does not converge to a
Riemannian metric, but to a sub-Riemannian metric defined only on H. More precisely
g˜t converges to a constant multiple of σsR.
The following result is useful to bound the evolution of the radial function in the
general case.
Lemma 4.1 Consider two concentric geodesic spheres in CHn of radius ρ1(0) and ρ2(0)
respectively. For every i = 1, 2, let ρi(t) be the evolution by inverse mean curvature flow
of initial datum ρi(0), then there is a positive constant c depending only on n, ρ1(0) and
ρ2(0) such that for every time we have
|ρ2(t)− ρ1(t)| ≤ c |ρ2(0)− ρ1(0)| .
Proof. We can suppose that ρ2(0) > ρ1(0) and then this inequality is preserved by the
flow. Let us define δ = δ(t) = ρ2(t)− ρ1(t). The function δ satisfies
dδ
dt
=
1
(2n− 1) coth(ρ2) + tanh(ρ2) −
1
(2n− 1) coth(ρ1) + tanh(ρ1)
Moreover it is easy to see that dρ1
dt
> c1 with c1 positive constant which depends only
on ρ1(0). Then ρ1(t) > c1t + ρ1(0). Furthermore trivially tanh(ρ2) > tanh(ρ1) > 0 and
coth(ρ1) > coth(ρ2) > 1. It follows that
dδ
dt
≤ 1
2n− 1 (coth(ρ1)− coth(ρ2))
=
1
(2n− 1) sinh2(τ)δ, for some τ ∈ [ρ1, ρ2]
≤ 1
(2n− 1) sinh2(ρ1)
δ
≤ 1
(2n− 1) sinh2(c1t+ ρ1(0))
δ.
Integrating we have
log(δ(t))− log(δ(0)) ≤ 1
2n− 1
∫ t
0
sinh−2(c1s+ ρ1(0))ds <∞.
Then the thesis follows. 
From these properties of the geodesic spheres we can deduce some estimates on the
evolution of any star-shaped hypersurface. Let M0 be defined by the radial function
13
ρ(0), ρ(t) its evolution by inverse mean curvature flow and ρ1 = minS2n−1 ρ(0) and ρ2 =
maxS2n−1 ρ(0). Then, with the same notation of the previous Lemma, we have ρ1(t) ≤
ρ(t) ≤ ρ2(t) for any time t the flow is defined. Applying Lemma 4.1 we have that the
oscillation of ρ(t) is bounded by a constant which depends only on the initial datum.
Below we will show that the flow is defined for any positive time also for any star-shaped
S1-invariant initial datum. It follows that in any case considered we have ρ(t) = t
2n
+ o(1)
as t→∞.
5 First order estimates
The main result of this section is the proof of part (1) of Theorem 1.1. Moreover we
will prove also that the mean curvature converges exponentially to that of an horosphere.
The main technical result is the following:
Proposition 5.1 There exist a positive constants c such that
|∇σϕ|2σ ≤ ce−
t
n .
As an immediate geometric consequence we have:
Corollary 5.2 The evolution of any star-shaped S1-invariant hypersurface stays star-
shaped for any time the flow is defined.
Proof. An hypersurface is star-shaped if and only if ∂
∂ρ
and ν are never orthogonal in
CH
n. This means that there exists a positive constant c such that
g¯
(
∂
∂ρ
, ν
)
=
1
v
≥ 1
c
⇔ v2 ≤ c2
Recalling that v2 = 1 + |∇eϕ|2e, the thesis follows from Proposition 5.1 noting that
|∇eϕ|2e = |∇σϕ|2σ
holds in case of S1 invariance. 
The proof of Proposition 5.1 is divided into three steps: first we can prove that |∇σϕ|2σ
is bounded, then that it has an exponential decay and, finally, we show that the right
exponent is 1
n
.
Lemma 5.3 The following estimate holds:
|∇σϕ|2σ ≤ sup
z∈S2n−1
|∇σϕ(z, 0)|2σ .
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Proof. Let us define ω = 1
2
|∇σϕ|2σ = 12ϕkϕk. Note that, as a consequence of the S1-
invariance, ϕie
ik = ϕiσ
ik, so we do not distinguish between ϕk and ϕˆk.
We want to compute the evolution equation for ω. We start with the evolution of the
radial function:
1
Hv
=
dρ
dt
=
∂ρ
∂t
+
∂ρ
∂xi
∂xi
∂t
=
∂ρ
∂t
− ρ
iρi
Hv sinh2(ρ)
.
Then
∂ρ
∂t
=
1
Hv
(
1 +
|∇σρ|2σ
sinh2(ρ)
)
=
v
H
, (5.1)
and so
∂ϕ
∂t
=
1
sinh(ρ)
∂ρ
∂t
=
v
H sinh(ρ)
=:
1
F
(5.2)
holds. From the explicit computation of the mean curvature (3.11) we have
F = F (ϕ, ϕi, ϕij) = −ϕij σ˜
ij
v2
+
sinh(ρ)Hˆ
v2
. (5.3)
Now we want to compute the evolution equation of ω: let aij = − ∂F
∂ϕij
= σ˜
ij
v2
, bi = ∂F
∂ϕi
and, for simplicity of notation, ∇ = ∇σ, then
∂ω
∂t
= ϕk∇k ∂ϕ
∂t
= − 1
F 2
(
−aijϕijkϕk + biϕikϕk + ∂F
∂ϕ
ϕkϕ
k
)
= − 1
F 2
(
−aijϕijkϕk + biωi + 2∂F
∂ϕ
ω
)
We can apply the rule for interchanging derivatives:
ϕijk = ϕkji +R
m
ijkϕm,
where this time R is the Riemann curvature tensor of σ, i.e. Rsijk = σsjσik−σskσij . Since
aij is symmetric we get:
−aijϕijkϕk = −aijϕkjiϕk − aij
(
δmj σik − δmk σij
)
ϕmϕ
k
= −aijωij + aijϕikϕkj − aijϕiϕj + 2aiiω.
The following equality holds:
−aijϕiϕj + 2aiiω =
4(n− 1)
v2
ω ≥ 0.
Moreover, due to the S1-invariance, we have
∂
∂ρ
σ˜ = 0,
∂
∂ρ
v = 0,
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hence
∂F
∂ϕ
=
∂F
∂ρ
∂ρ
∂ϕ
= sinh(ρ)
1
v2
∂
∂ρ
(
sinh(ρ)Hˆ
)
=
sinh2(ρ)
v2 cosh2(ρ)
(
2n cosh2(ρ) + 1
)
> 0. (5.4)
Note that aij is positive definite. Finally we have that
aijϕikϕ
k
j = a
ijσklϕikϕjl ≥ 0
because, as showed in [Di], if A, B and C are symmetric matrices, with A and B positive
definite, then tr(ACBC) ≥ 0. The thesis follow by the maximum principle. 
Now we can use the previous result to bound the mean curvature. In particular we
show that the mean convexity is preserved.
Lemma 5.4 There exist two positive constants c1 and c2 depending only on n and the
initial datum such that for any time the flow is defined
0 < c1 ≤ H ≤ c2.
Proof. From Lemma 2.6 and the fact that |A|2 ≥ 1
2n−1
H2 we can compute
∂H
∂t
≤ ∆H
H2
− H
2n− 1 +
2(n+ 1)
H
.
By the maximum principle, it is easy to show that H is bounded from above. To prove
that H is bounded from below we define ψ = v
sinh(ρ)H
e
t
2n = 1
F
e
t
2n = ∂ϕ
∂t
e
t
2n and we prove
that this function is bounded from above. Preceding like in the proof of Lemma 5.3:
∂ψ
∂t
=
∂
∂t
(
∂ϕ
∂t
e
t
2n
)
= − 1
F 2
(
−aij ∂ϕij
∂t
+ bi
∂ϕi
∂t
+
∂F
∂ϕ
∂ϕ
∂t
)
e
t
2n +
1
2n
ψ
= − 1
F 2
(
−aijψij + biψi + ∂F
∂ϕ
ψ
)
+
1
2n
ψ
From (5.4) we have that
∂F
∂ϕ
≥ 2nsinh
2(ρ)
v2
,
moreover 1
F 2
= ψ2e−
t
n . By Lemma 5.3 v2 is bounded. Since the function sinh2(ρ)e−
t
n is
bounded too, we get that
− 1
F 2
∂F
∂ϕ
ψ +
1
2n
ψ ≤ −2nsinh
2(ρ)
v2
e−
t
nψ3 +
1
2n
ψ ≤ −cψ3 + 1
2n
ψ, (5.5)
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for some positive constant c. By the maximum principle we deduce that ψ is bounded.
This imply that there is a constant c > 0 such that H ≥ cv e
t
2n
sinh(ρ)
. The thesis follows since
v ≥ 1 by definition and e
t
2n
sinh(ρ)
is bounded. 
As a consequence we can improve Lemma 5.3.
Lemma 5.5 There are two positive constants c and γ such that:
|∇σϕ|2σ ≤ ce−γt.
Proof. Since we proved that H is bounded, we have that 2
F 2
∂F
∂ϕ
≥ γ > 0 for some γ.
Proceeding like in the proof of Lemma 5.3 we get the thesis. 
With the help of this estimate, we can refine the result of Lemma 5.4.
Lemma 5.6 There is a positive constant c such that:
|H − 2n| ≤ ce−γt,
where γ is the same of the previous Lemma.
Proof. Let lji be equal to h
j
i + δ
j
i − δ1i δi1. Explicit computations give:
|l|2 = lji lij = |A|2 + 2(H − 2n) + 6(n− 1)− 2(h11 − 2);
L = bii = H − 2n+ 2(2n− 1).
Obviously we have
|l|2 ≥ L
2
2n− 1 .
Moreover, by (3.9),
h11 =
1
v
(
cosh(ρ)
sinh(ρ)
+
sinh(ρ)
cosh(ρ)
)
,
hence by Lemma 5.5 ∣∣h11 − 2∣∣ ≤ ce−γt.
By Lemma 2.6 we get:(
∂
∂t
− ∆
H2
)
(H − 2n) ≤ − 1
H
(|A|2 − 2(n+ 1))
= − 1
H
(|l|2 − 2(H − 2n)− 4(2n− 1) + 2(h11 − 2))
≤ − 1
H
(
L2
2n− 1 − 2(H − 2n)− 4(2n− 1)
)
+ ce−γt
= − H − 2n
(2n− 1)H (H + 2n− 2) + ce
−γt. (5.6)
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Hence H − 2n ≤ ce−γ′t, where γ′ ≤ γ. Using this information and starting again from
(5.6) we have:(
∂
∂t
− ∆
H2
)
(H − 2n) ≤ −
(
1
n
+ ce−γ
′t
)
(H − 2n) + ce−γt.
Applying again the maximum principle we have the desired estimate from above. On the
other side we can consider the evolution of the function ψ defined in Lemma 5.4. Using
what we proved so far, the reaction term (5.5) becomes:
− 1
F 2
∂F
∂ϕ
ψ +
1
2n
ψ ≤ ψ
2n
(
1− 4n2 (1 + ce−γt)ψ2) .
By the maximum principle we have
ψ ≤ 1
2n
+ ce−γt,
where the constant c can be different from above. By the definition of ψ we get the thesis.

Finally we are able to prove the main result of this section.
Proof of Proposition 5.1. By the previous Lemma and (5.4) we have:
2
F 2
∂F
∂ϕ
≥ 4n
H2
≥ 1
n(1 + ce−γt)
.
With the same computations of the proof of Proposition 5.1, and by the maximum prin-
ciple we have that |∇σϕ|2σ ≤ y, where y is the solution of the Cauchy problem:{
y′ = − 1
n(1+ce−γt)
y(0) = y0 ≥ supt=0|∇σϕ|2σ.
Then |∇σϕ|2σ ≤ y0
(
1+c
eγt+c
) 1
nγ ≤ ce− tn , for some c. 
We finish this section noting that the proofs of Lemma 5.6 can be repeated using
γ = 1
n
, hence we have:
Proposition 5.7 There is a positive constant c such that:
|H − 2n| ≤ ce− 1n t.
6 Second order estimates
In this section we collect some important results concerning the second order derivative
of the radial function. First of all we prove that the principal curvatures of the evolving
hypersurface stay bounded. As a consequence we have the long time existence of the
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flow. In the second part of this section we prove that the Hessian of the radial function
is bounded. In view of (3.9), this implies the convergence with exponential speed of
the second fundamental form to that one of the horospheres. In this context a new
phenomenon appears: in the cases already known in literature, see for example [Ge1,
Ge2, Sc, Zh], we always have the same speed of convergence for any initial datum. Here,
in the general case, we can expect just half of the speed of the convergence of, for example,
the evolution of a geodesic sphere. See Remark 6.6 below for more details.
Lemma 6.1 Let us define the tensor M ji = Hh
j
i , then
∂M
j
i
∂t
=
∆M ji
H2
− 2
H3
〈∇H,∇M ji 〉− 2H3∇iH∇kHgkj − 2Mki M jkH2 − 2R¯i0k0gkj
+
1
H2
gqsgkj
(
2R¯piskM
p
q − R¯pqisMpk − R¯pqksMpi
)
.
Proof. Some simple computations give that
∇M ji = hji∇H +H∇hji
∆M ji = h
j
i∆H +H∆h
j
i + 2
〈∇H,∇hji〉
= hji∆H +H∆h
j
i +
2
H
〈∇H,∇M ji 〉− 2hjiH |∇H|2
Using the evolution equation for H and hji in Lemma 2.6 we get the thesis. 
Corollary 6.2 The principal curvatures of the hypersurface evolving by inverse mean
curvature flow are uniformly bounded.
Proof. Since by Lemma 5.4 H is bounded (in particular from below), it is sufficient
to prove that the principal curvatures are bounded from above. Let m = 2n − 1 and
µ1 ≤ · · · ≤ µm the eigenvalues of M ji . The trace of M ji is
∑
i µi = H
2 > 0, then µm > 0
everywhere. To conclude the proof we want to show that µm is bounded from above. Fix
any time T ∗ strictly smaller than the maximal time T . We can find a point (x0, t0) where
µm reaches its maximum in S
2n−1× [0, T ∗]. At this point we can fix an orthonormal basis
which diagonalizes M ji , then we can say that at this point µm satisfies the same equation
for Mmm found in Lemma 6.1. The following estimates hold:
− 2
H2
∇mH∇kHgkm = − 2
H2
(∇mH)2 ≤ 0,
−R¯m0j0gjm = −R¯m0m0 ≤ 4,
2gqsgkmR¯pmskM
p
q =
∑
q
2µqR¯qmqm,
gqsgkmR¯pqmsM
p
k = g
qsgkmR¯pqksM
p
m
=
∑
q
µmR¯qmqm.
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It follows that
gqsgkm
(
2R¯pmskM
p
q − R¯pqmsMpk − R¯pqksMpm
)
= 2
∑
q
R¯qmqm (µq − µm)
≤ −8
∑
q
(µq − µm)
= 8(2n− 1)µm − 8H2.
Putting together these computations we have that at (x0, t0)
∂µm
∂t
≤ ∆µm
H2
− 2
H3
〈∇H,∇µm〉 − 2µm
H2
(µm − 4(2n− 1)) .
If t0 6= 0 we can deduce that in (x0, t0)
0 ≤ ∂µm
∂t
− ∆µm
H2
+
2
H3
〈∇H,∇µm〉 ≤ −2µm
H2
(µm − 4(2n− 1)) .
Since µm is positive, it follows that µm ≤ 4(2n − 1). Hence µm reaches its maximum at
time t0 = 0 or it is bounded by a constant independent on the choice of T
∗. 
It follows the uniform parabolicity of equation (5.1) and an uniform C2-estimate for
the function ρ(·, t). Arguing as in chapter 2.6 of [Ge1], we can apply the C2,α estimates
of [Kr] to conclude that the solution of the flow is defined for any positive time and it is
smooth, since the initial datum is smooth.
In the sequel we can perform a better analysis giving an uniform estimate on the
Hessian of ρ. We prefer to work with the auxiliary function ϕ.
Proposition 6.3 There is a positive constant c such that∣∣∇2σϕ∣∣2σ ≤ ce− tn .
Proof. The proof is similar to that of Lemma 5.3, but we will use more than once the
interchanging rule. Let us define this time ω = 1
2
|∇2σϕ|2σ, then, recalling Notations 2.2 we
have:
∂
∂t
ω = ϕrs∇r∇s ∂
∂t
ϕ
=
1
F 2
ϕrs
(
aijϕijrs − biϕirs − ∂F
∂ϕ
ϕrs
)
=
1
F 2
(
aijϕrsϕijrs − biϕrsϕirs − 2∂F
∂ϕ
ω
)
.
Applying twice the interchanging rule we have:
20
aijϕrsϕrsij
= aijϕrs (ϕisrj + (δ
m
i σsr − δmr σsi)ϕmj)
= aijϕrs
[∇i (ϕjrs + (δmj σsr − δms σrj)ϕm)]
+ aijϕij∆ϕ− aijϕriϕrj
= aijϕrsϕijrs + 2a
ijϕij∆ϕ− 2aijϕriϕrj
= aijωij + 2a
ijϕij∆ϕ− 2aijϕriϕrj
− aijϕrsi ϕjrs;
while
−biϕrsϕirs
= −biϕrs (ϕrsi + (δmi σrs − δmr σir)ϕm)
= −biϕrsϕrsi − biϕi∆ϕ + biϕriϕr.
Summing up these quantities we have:
∂
∂t
ω =
aij
F 2
ωij − b
i
F 2
ωi − 2
F 2
∂F
∂ϕ
ω +
R
F 2
,
where the remainder term is
R = 2aijϕij∆ϕ− 2aijϕrjϕri − aijϕrsi ϕjrs
−biϕi∆ϕ + biϕriϕr.
From (5.4) and Proposition 5.6 we get
− 2
F 2
∂F
∂ϕ
= − 2
H2
(
2n +
1
cosh2(ρ)
)
≤ −1
n
+ ce−
t
n .
Moreover we claim that
R ≤ c(ω + 1).
In fact we notice that, for t big enough, aij ≥ 1
2
σij , hence
−aijϕrsi ϕjrs ≤ −
1
2
|∇3σϕ|2σ ≤ 0,
−2aijϕriϕrj ≤ cω.
Obviously (∆ϕ)2 ≤ 2(2n− 1)ω and, by (3.11),
aijϕij =
sinh(ρ)
v
(
Hˆ
v
−H
)
,
therefore
2aijϕij∆ϕ ≤
(
aijϕij
)2
+ (∆ϕ)2 ≤ c(ω + 1).
An explicit computation shows that
bi = −2F
v2
ϕi +
ϕrs
v4
(
ϕrδsi + ϕsδri − 2ϕ
rϕsϕi
v2
)
.
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It follows that
|bi|2σ ≤ c(ω + 1),
Using these results we can finally estimate
−biϕi∆ϕ ≤ 1
2
|bi|2σ|∇σϕ|2σ +
1
2
(∆ϕ)2 ≤ c(ω + 1),
biϕrϕri ≤ c(|bi|2σ + |∇ϕ|2σ + ω)) ≤ c(ω + 1).
Summing up what we found we have that
∂
∂t
ω ≤ a
ij
F 2
ωij − b
i
F 2
ωi +
(
−1
n
+ ce−
t
n
)
ω + ce−
t
n .
The thesis follows by the maximum principle. 
Remark 6.4 In (5.1) we computed the scalar flow satisfied by the radial function. The
flow (1.1) is defined at least as the corresponding flow for ρ. We computed two differ-
ent expressions for the mean curvature - (3.10) and (3.11)- each one define, formally, a
different scalar flow. However, as consequence of Lemma 2.3, in the special case of S1-
invariance the two flows coincide, so, from a technical point of view, the choice of study
the derivatives with respect to σ, and not ecosh2(ρ) is coherent.
A consequence of this Proposition is the convergence of the second fundamental form
to that one of an horosphere.
Corollary 6.5 There is a positive constant c such that∣∣hki − δki − δ1i δk1 ∣∣2 ≤ ce− tn .
Moreover on the horizontal distribution we have a faster convergence: taking the sum over
i, k 6= 1 ∣∣hki − δki ∣∣2 ≤ ce− 2tn .
Proof. By the expression of the second fundamental form (3.9), of the mean curvature
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(3.10) and Lemma 2.3 we have:∣∣hki − δki − δ1i δk1 ∣∣2 = ϕˆijϕˆkre˜jke˜ri
v2 sinh2(ρ)
− 2ϕˆij e˜
ji
v sinh(ρ)
(
cosh(ρ)
v sinh(ρ)
− 1
)
+(2n− 1)
(
cosh(ρ)
v sinh(ρ)
− 1
)2
+
(
sinh(ρ)
v cosh(ρ)
− 1
)2
+2
(
cosh(ρ)
v sinh(ρ)
− 1
)(
sinh(ρ)
v cosh(ρ)
− 1
)
=
ϕijϕkrσ˜
jkσ˜ri
v2 sinh2(ρ)
+ 2
|∇σϕ|2σ
v2
+ 2
(
H − Hˆ
v
)(
cosh(ρ)
v sinh(ρ)
− 1
)
+(2n− 1)
(
cosh(ρ)
v sinh(ρ)
− 1
)2
+
(
sinh(ρ)
v cosh(ρ)
− 1
)2
(6.1)
+2
(
cosh(ρ)
v sinh(ρ)
− 1
)(
sinh(ρ)
v cosh(ρ)
− 1
)
(6.2)
By Proposition 5.1, Proposition 5.7 and Proposition 6.3 we get that all the terms appearing
in the last equality can be bounded by ce−
2t
n , except the “bad” term 2 |∇σϕ|
2
σ
v2
that is just
smaller than ce−
t
n . Hence the first estimate is proven. Finally, if we restrict our attention
to the horizontal distribution, the same computations give:
∣∣hki − δki ∣∣2 = ϕijϕkrσ˜jkσ˜ri
v2 sinh2(ρ)
+ 2
(
H − Hˆ
v
)(
cosh(ρ)
v sinh(ρ)
− 1
)
+(2n− 2)
(
cosh(ρ)
v sinh(ρ)
− 1
)2
≤ ce− 2tn .

Remark 6.6 For some initial data we are able to find the “fast” convergence of the second
fundamental form in the whole tangent space, because |∇σρ|2σ converges to (or is, like in
the trivial case of geodesic spheres) zero. In general the estimate found in the previous
Corollary is optimal. In fact, for the examples that we will discuss in the last section, we
have that the gradient of the radial function is just bounded and cannot converges to zero.
Hence Proposition 5.1 cannot be improved and the “bad” term in equation (6.1) decays
slower than all others. Moreover Proposition 5.7 says that we don’t see this difference at
the level of the mean curvature and we find the optimal speed in any case. The reason is
that, like shown in Lemma 2.3, if ϕ is an S1-invariant function, then ∆eϕ = ∆σϕ.
7 Higher order estimates
Following the same procedure of the previous section, we can show that the spatial
derivative of any order of ϕ has an exponential decay.
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Notation 7.1 1) In order to avoid confusion with the meaning of the indices, in this
section we use the following notation: capital letters count the number of derivations
(for example ∇Kϕ is the K-th derivative of the function ϕ), while lowercase letters
are indices representing a direction.
2) In the next proof we will use also a well established notation: given two tensors S
and T , we write S ∗ T for any linear combination formed by contraction on S and
T by σ.
Proposition 7.2 For any integer K, there is a positive constant c which depends only
on K, n, and M0, such that
|∇Kσ ϕ|2σ ≤ ce−
t
n .
Proof. The proof follows the same strategy of Proposition 6.3. Fix K and let ω =
1
2
|∇Kσ ϕ|2σ. Applying a finite number of times the interchanging rule for derivative we
have:
∂
∂t
ω = ∇i1 . . .∇iK∇i1 . . .∇iK
∂
∂t
ϕ
=
aij
F 2
ωij − b
i
F 2
ωi − 2
F 2
∂F
∂ρ
ω
−2a
ij
F 2
∇i∇i1 . . .∇iKϕ∇j∇i1 . . .∇iKϕ
+
1
F 2
(
a ∗ ∇Kϕ ∗ ∇Kϕ)+ 1
F 2
(
b ∗ ∇Kϕ ∗ ∇K−1ϕ) ,
Arguing as in the proof of Proposition 6.3, and supposing by induction that the thesis
holds for K − 1, we can show that in this case too we have:
∂
∂t
ω ≤ a
ij
F 2
ωij − b
i
F 2
ωi +
(
−1
n
+ ce−
t
n
)
ω + ce−
t
n .
The thesis follows once again as an application of the maximum principle. 
An immediate consequence of Proposition 7.2 is the following.
Corollary 7.3 For any integer K there is a positive constant c which depends only on
K, n, and M0, such that
|∇Kσ ρ|2σ ≤ c.
8 Convergence of the rescaled metric and contact
form
In this section we prove part (3) of Theorem 1.1 studying the limit of the rescaled
metric and of the rescaled contact form.
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Theorem 8.1 There is a smooth S1-invariant function f such that the metric g˜t =
|Mt|−
1
n gt converges to a sub-Riemannian metric g˜∞ = e
2fσsR and the contact form
θ˜ = |Mt|−
1
n θt converges to the conformal multiple θ˜∞ = e
2f θˆ.
Proof. For every time t, let ρ˜t be the radius of a geodesic sphere Bρ˜t such that |Mt| = |Bρ˜t |
and define ft = ρ(x, t)− ρ˜t. The mean curvature of Bρ˜t is H˜ = Hˆ(ρ˜), then ∂ρ˜∂t = H˜−1 and
ρ˜ = t
2n
+ o(1) as t→∞.
We recall that gij = sinh
2(ρ) (ϕiϕj + eij). Obviously ecosh2(ρ) → σsR as t → ∞. By
Proposition 5.1 we have that each ϕi is going to zero, hence
lim
t→∞
g˜t =
1
|M0| 1n
(
lim
t→∞
sinh2(ρ)e−
t
n
)
σsR
= γ
(
lim
t→∞
e2ft
)
σsR,
for some positive constant γ.
In analogous way, recalling the expression of the contact form (3.4), we get
lim
t→∞
θ˜t =
1
|M0| 1n
(
lim
t→∞
sinh(ρ) cosh(ρ)e−
t
n
)
θˆ
= γ
(
lim
t→∞
e2ft
)
θˆ,
where γ is the same constant appearing in the limit of g˜t.
The thesis follows if we can prove that ft converges, as t goes to infinity, to a smooth
functions f∞, then f will be a multiple of such f∞. Since for any integer K, |∇Kσ ft|2σ =
|∇Kσ ρ|2σ and it is uniformly bounded by Corollary 7.3, we have to show that there exist a
positive constant c such that
∣∣∂ft
∂t
∣∣ ≤ ce− tn . By (5.1), we have that
∂ft
∂t
=
∂ρ
∂t
− dρ˜t
dt
=
v
H
− 1
H˜
Using triangle inequality we have∣∣∣∣∂ft∂t
∣∣∣∣ ≤ 1H |v − 1|+ 1HH˜
(
|H − 2n|+
∣∣∣H˜ − 2n∣∣∣) .
Since we know that H , H˜ and v are bounded and positive, the desired estimate follows
by Proposition 5.1 and Proposition 5.7. 
9 The curvature of the limit metric
In this section we conclude the proof of Theorem 1.1 showing that θ˜∞ = e
2f θˆ (or
equivalently g˜∞ = e
2fσsR) does not have necessarily constant Webster scalar curvature.
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We recall that, as shown in Lemma 2.5, since we are considering only S1-invariant hyper-
surfaces, Jerison and Lee’s formula (2.3) can be simplified and we have to check just that
some of such functions f are not constant.
The construction of the required hypersurface is inspired to the solution of the anal-
ogous problem in the real hyperbolic space [HW]. However it is well known that in CHn
there are no totally umbilical hypersurfaces, so the trace-free part of the second funda-
mental form cannot have the same strong meaning that it has in the case of hyperbolic
space: see Propositions 3 and 5 of [HW] . So we defined a Brown-York type quantity on
hypersurfaces which gives a measure of how the hypersurface is far from being a geodesic
sphere. For any star-shaped hypersuface M we define
Q(M) = |M|−1+ 1n
∫
M
(
H − Hˆ
)
dµ, (9.1)
where Hˆ was defined in (3.8). Q is not a true measure, because we do not know its sign:
it is trivially zero when M is a geodesic sphere, but in general it is not true the opposite.
One of the main property of Q is the following.
Proposition 9.1 Let M˜τ be a family of hypersurfaces in CHn that are radial graph of the
functions ρ˜(z, τ) = τ + f(z) + o(1), for some fixed S1-invariant function f : S2n−1 → R.
Then
lim
τ→∞
Q(M˜τ ) =
(∫
S2n−1
e2nfdσ
)−1+ 1
n
∫
S2n−1
e2nf
(
e−f∆σe
−f − n|∇σe−f |2σ
)
dσ.
Moreover if limτ→∞Q(M˜τ ) 6= 0, then e2fσsR - the limit of the rescaled metric on M˜τ -
does not have constant Webster curvature.
Proof. First of all, note that, since we are considering only S1-invariant hypersurfaces,
the contribution of the special direction is ruled out and then we can consider the usual
Rieamannian Lapacian, the gradient and the volume form associated to σ even if we know
that the limit metric is sub-Riemannian. From the expression of the mean curvature of a
star-shaped hypersurface (3.11) we have that
H − Hˆ = − ϕijσ˜
ij
v sinh(ρ)
+ Hˆ
(
1
v
− 1
)
= − ϕijσ˜
ij
v sinh(ρ)
− Hˆ
v(v + 1)
|∇σϕ|2σ.
Since ρ˜1 = f1 = 0 for every j, we can compute:
v2 = 1 + 1
sinh2(ρ˜)
|∇σρ˜|2σ
= 1 +O(e−τ);
Hˆ = 2n+O(e−τ);
σ˜ij = σij − ρ˜iρ˜j
v2 sinh2(ρ)
= σij +O(e−τ );
ϕi =
ρ˜i
sinh(ρ˜)
= e
f
sinh(ρ˜)
∇ie−f ;
ϕij =
1
sinh(ρ˜)
(
ρ˜ij − cosh(ρ˜)sinh(ρ˜) ρ˜iρ˜j
)
= 1
sinh(ρ˜)
(fij − fifj + o(1))
= − ef
sinh(ρ˜)
(∇2ije−f + o(1)) .
(9.2)
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It follows that
lim
τ→∞
Q(M˜τ ) = lim
τ→∞
[(∫
sinh2n−1(ρ˜) cosh(ρ˜)dµτ
)−1+ 1
n
∗
∫ (
sinh2n−1(ρ˜) cosh(ρ˜)
(
− ϕij σ˜
ij
v sinh(ρ˜)
− Hˆ
v(v + 1)
(v2 − 1)
))
dµτ
]
=
(∫
S2n−1
e2nfdσ
)−1+ 1
n
∫
S2n−1
e2nf
(
e−f∆σe
−f − n|∇σe−f |2σ
)
dσ.
This formula shows that if limτ→∞Q(M˜τ ) 6= 0, then e−f∆σe−f − n|∇σe−f |2σ 6= 0 and
so f cannot be constant. Lemma 2.5 tells us that the limit metric e2fσsR does not
have constant Webster curvature. Finally note that the opposite is not true because
e−f∆σe
−f − n|∇σe−f |2σ does not have necessarily a sign. 
If we compare Q with the modified Hawking mass studied for the real hyperbolic case
in [HW], Q has the disadvantage that it works only with S1-invariant data and it does
not characterize the constant curvature limit. However Proposition 9.1 suggests that the
study of the asymptotic behaviour of Q is enough to find a family of initial data such
that the limit of the rescaled metric does not have constant Webster curvature. In order
to complete this goal we need to study the evolution equation of Q.
Lemma 9.2 For any star-shaped M0 the following evolution equation holds:
∂Q(Mt)
∂t
=
1
n
Q(Mt) + |Mt|−1+ 1n
∫ ((
2n− 1
sinh2(ρ)
− 1
cosh2(ρ)
)
v
H
)
dµ
−|Mt|−1+ 1n
∫ (
1
H
(|A|2 − 2(n+ 1))) dµ.
Proof. Since Hˆ = (2n− 1) cosh(ρ)
sinh(ρ)
+ sinh(ρ)
cosh(ρ)
and ∂ρ
∂t
= v
H
, it follows easly that
∂Hˆ
∂t
=
v
H
(
1
cosh2(ρ)
− 2n− 1
sinh2(ρ)
)
.
The thesis follows using this computation, the evolution of H in Lemma 2.6 and the fact
that
∆H
H2
− 2 |∇H|
2
H3
= −∆
(
1
H
)
,
hence its integral vanishes.

Now we want to show that if Q decreases, it decreases very slowly.
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Proposition 9.3 Let Mt an S1-invariant star-shaped hypersurface of CHn evolving by
inverse mean curvature flow. There is a positive constants c which depends only on n and
M0 such that
∂Q(Mt)
∂t
≥ −ce− tn .
Proof. By (3.9), (3.10) and (3.11) we can compute:
|A|2 − 2(n+ 1) = hki hik − 2(n+ 1)
=
ϕˆijϕˆkhe˜
jke˜hi
v2 sinh2(ρ)
− 2 cosh(ρ)
v2 sinh2(ρ)
ϕˆij e˜
ji − 2(n+ 1)
(2n− 1) cosh
2(ρ)
v2 sinh2(ρ)
+
sinh2(ρ)
v2 cosh2(ρ)
+
2
v2
=
ϕˆijϕˆkhe˜
jke˜hi
v2 sinh2(ρ)
− 2 cosh(ρ)
v sinh(ρ)
(
H − Hˆ + Hˆ
(
1− 1
v
))
+
2n− 1
v2 sinh2(ρ)
− 1
v2 cosh2(ρ)
− 2(n+ 1)
(
1− 1
v2
)
.
Moreover, by Lemma 2.3
ϕˆijϕˆkhe˜
jke˜hi = ϕijϕkhσ˜
jkσ˜hi + 2 sinh2(ρ)|∇σϕ|2σ.
Then, by Lemma 9.2 we have:
|Mt|1− 1n ∂Q
∂t
=
∫ (
1
n
− 2 cosh(ρ)
vH sinh(ρ)
)(
H − Hˆ
)
dµ−
∫
ϕijϕkhσ˜
jkσ˜ih
v2H sinh2(ρ)
dµ
+
∫
1
H
(
2n− 1
sinh2(ρ)
− 1
cosh2(ρ)
)(
v − 1
v2
)
dµ
+
∫ |∇σϕ|2σ
v2H
(
2n− 2
1 + v
cosh(ρ)
sinh(ρ)
Hˆ
)
dµ.
By Proposition 6.3, Proposition 5.1, Proposition 5.7 and the fact that the radius grows
like t
2n
, we can estimate all the terms in the evolution of Q in the following way
∣∣∣∣ 1n − 2 cosh(ρ)vH sinh(ρ)
∣∣∣∣ ≤ ∣∣∣∣ 1n − 2H
∣∣∣∣+ 2H
∣∣∣∣1− cosh(ρ)sinh(ρ)
∣∣∣∣+ 2 cosh(ρ)H sinh(ρ)
∣∣∣∣1− 1v
∣∣∣∣
≤ ce− tn ;∣∣∣H − Hˆ∣∣∣ ≤ |H − 2n|+ ∣∣∣2n− Hˆ∣∣∣ ≤ ce− tn ;∣∣∣∣ϕijϕkhσ˜jkσ˜ihv2H sinh2(ρ)
∣∣∣∣ ≤ ce− 2tn ;
1− 1
v2
≤ ce− tn ;
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hence:(
2n− 1
sinh2(ρ)
− 1
cosh2(ρ)
)(
v − 1
v2
)
≥ − 1
cosh2(ρ)
v2 + v + 1
v2(v + 1)
|∇σϕ|2σ ≥ −ce−
2t
n .
Finally,∣∣∣∣2n− 21 + v cosh(ρ)sinh(ρ) Hˆ
∣∣∣∣ ≤ ∣∣∣2n− Hˆ∣∣∣+ Hˆ ∣∣∣∣cosh(ρ)sinh(ρ) − 1
∣∣∣∣+ Hˆ cosh(ρ)sinh(ρ)
∣∣∣∣1− 21 + v
∣∣∣∣ ≤ ce− tn .
Therefore
∂Q
∂t
≥ −c|Mt|−1+ 1n
∫
e−
2t
n dµ ≥ −ce− tn .

Now, following the strategy of [HW] we can complete the proof of Theorem 1.1
Proposition 9.4 There is anM0 such that the rescaled induced metric g˜∞ does not have
constant Webster curvature.
Proof. Fix a positive constant c0 and let f : S
2n−1 → R be an S1-invariant function such
that (∫
S2n−1
e2nfdσ
)−1+ 1
n
∫
S2n−1
e2nf
(
e−f∆σe
−f − n|∇σe−f |2
)
dσ ≥ 4c0.
Consider the family of S1-invariant star-shaped hyperfurfaces M˜τ defined by the radial
function ρ˜τ (z) = τ + f(z). We can fix a τ big enough such that M˜τ is mean convex, and,
by Proposition 9.1, Q(M˜τ ) ≥ 2c0. Let Mτt be the evolution by inverse mean curvature
flow of such M˜τ . We want to estimate the evolution of Q(Mτt ). The constant c appearing
in Proposition 9.3 depends on n and the initial datum, hence on n, f and τ . In view of
(9.2), in our case it can be written as
c = c˜e−2τ ,
where c˜ depends only on n and f . It follows that, up to increase even more the parameter
τ , Proposition 9.3 ensures that
lim
t→∞
Q(Mτt ) ≥ c0 > 0.
The thesis follows from Proposition 9.1. 
We finish noting that we can find an S1-invariant function f such that(∫
S2n−1
e2nfdσ
)−1+ 1
n
∫
S2n−1
e2nf
(
e−f∆σe
−f − n|∇σe−f |2σ
)
dσ.
is large as desired. We will show that such an example exists in S3, but an analogous
construction holds also in higher dimension.
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Example 9.5 Consider S3 immersed in C2. Let (z1, z2) be its complex coordinates and
ζ = |z2|2 − |z1|2. Note that ζ is an S1-invariant function on S3. For every k ∈ N, let us
define
fk : (z1, z2) ∈ S3 7→ kζ ∈ R.
Some explicit computations show that
e4fk
(
e−fk∆σe
−fk − 2|∇σe−fk |2σ
)
= 4ke2fk
(
kζ2 + 2ζ − k) .
It follows that there exist a constant γ independent on k such that
Qk :=
(∫
S3
e4fkdσ
)− 1
2
∫
S3
e4fk
(
e−fk∆σe
−fk − 2|∇σe−fk |2σ
)
dσ
= γk
(∫ 1
−1
√
1− ζ2e4kζdζ
)− 1
2
∫ 1
−1
√
1− ζ2 (kζ2 + 2ζ − k) e2kζdζ
= γk
(
pi
4k
I1(4k)
)− 1
2 pi
4k
I2(2k),
where Ip(x) is the modified Bessel function of the first kind. As x goes to infinity we have
the asymptotic expansion:
Ip(x) ∼ e
x
√
2pix
.
It follows that
Qk ∼ γ′k 14 as k →∞,
for some constant γ′ independent on k.
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